A class of perturbative charged rotating dilaton black hole solutions coupled to the nonlinear Born-Infeld electrodynamics is presented. The strategy for obtaining these solutions is to start from Myers-Perry solutions, and then considering the effects of the dilaton field, Born-Infeld parameter as well as the electric charge as a perturbative parameter. We perform the perturbations up to 4th order in the extremal black holes of Einstein-Born-Infeld-dilaton gravity with equal angular momentum and arbitrary dilaton coupling constant. We discuss the physical properties of these black holes and study their dependence on the perturbative parameter q, the dilaton coupling constant α and the Born-Infeld parameter β. One can see these black holes solutions satisfy a generalized Smarr relation. * masoud.alahverdi@gmail.com † hendi@shirazu.ac.ir ‡ asheykhi@shirazu.ac.ir 2
I. INTRODUCTION
A scalar field called the dilaton appears in the low energy limit of string theory. The presence of the dilaton field has important consequences on the causal structure, asymptotic behavior and thermodynamic properties of the black holes. Thus much interest has been focused on the study of the dilaton black holes in recent years. Exact solutions for charged dilaton black holes in which the dilaton is coupled to the Maxwell field have been constructed by many authors. The asymptotically flat Einstein-Maxwell-dilaton (EMD) solutions with spherical horizon have been investigated in [1] .
They have shown that the physical properties of the black holes depend sensitively on the value of the dilaton coupling constant. Solutions of EMD theory with one Liouville-type potential which are neither asymptotically flat nor anti-de Sitter (AdS) have been studied in [2, 3] . It was shown that with an appropriate combination of three Liouville-type potentials one can derive exact solutions in EMD theory [4, 5] . In addition, investigation of a class of higher dimensional topological charged dilatonic black holes in the background of the (AdS) universe and their thermodynamic properties has been presented in [6] .
Besides, recently more interest has been focused on the gravity theories with Born-Infeld (BI) action [7] due to its several remarkable features [8] [9] [10] [11] [12] . For example, BI type effective actions, which arise naturally in open super strings and D branes are free from physical singularities. Exact solutions for charged static BI black holes have been considered by many authors [13] . However, finding rotating BI black holes solutions in higher dimensions is a difficult task due to the size and complexity of the equations. For these reasons the number of rotating BI solutions known analytically form is very limited [14, 15] and as far as authors know general solutions of charged rotating EBId black holes have not been studied so far. This forces us to use alternative technique to study these black holes. Employing higher order perturbation theory, odd dimensional charged rotating black holes in Einstein-Maxwell [16] and Einstein-Maxwell-dilaton theory [17] have been studied. Recently, we have used the perturbative method to study the extremal Einstein BI black holes [18] . In this paper, we extend our previous study to dilaton gravity. Following the approach we developed in [18] , we find charged rotating extremal BI black holes solutions coupled to a scalar dilaton field. Again, we focus on black holes at extremality. Starting from the Myers-Perry black holes, we evaluate the perturbative series up to 4th order in the charge for black holes in 5 dimensions. We determine the physical properties of these black holes for general dilaton coupling constant. In particular, we investigate the effects of the presence of the dilaton field, BI parameter, and the perturbative charge parameter, on the gyromagnetic ratio of these rotating black holes.
The remainder of this paper is outlined as follows. In section II, we present the basic field equations of nonlinear BI theory in dilaton gravity and obtain a new class of perturbative charged rotating solutions in five dimensions. In section III, we calculate the physical quantities of the solutions such as mass, angular momentum, dilaton charge, electric charge and the gyromagnetic ratio. The last section is devoted to summary and conclusions.
II. METRIC AND GAUGE POTENTIAL
We examine the 5-dimensional action in which gravity is coupled to dilaton and BI fields
where R is scalar curvature, Φ is the dilaton field and the last term L(F, Φ) of the action is given
Here, α is a constant determining the strength of coupling of the scalar and electromagnetic fields, where F µν = ∂ µ A ν − ∂ ν A µ is the electromagnetic field tensor, A µ is the electromagnetic vector potential, and β is the BI parameter with units of mass. In the limit β → ∞, L(F, Φ) reduces to the Lagrangian of the standard Maxwell field coupled to a dilaton field
and on the other hand, L(F, Φ) → 0 as β → 0. It is convenient to set
where
The equations of motion can be obtained by varying the action with respect to the gravitational field g µν , the dilaton field Φ and the gauge field A µ which yield the following field equations
We would like to find perturbative solutions of the above field equations. Our seed solution is the the 5-dimensional MP solution [21] restricted to the case where two possible angular momenta have equal magnitude. Using coordinates (t, r, θ, ϕ 1 , ϕ 2 ), we then employ the following parametrization for the metric [23] 
where ε k denotes the sense of rotation in the k-th orthogonal plane of rotation, such that ε k = ±1, k = 1, 2. An adequate parametrization for the gauge potential is given by
We further assume the metric functions g tt , W , N , B, the two functions a 0 , a ϕ for the gauge field, and the dilaton function Φ depend only on the radial coordinate r.
We now consider perturbations around the MP solution, with an electric charge q as the perturbative parameter. In the presence of the BI and dilaton fields, we obtain the perturbation series in the general form
whereM andĴ are the mass and angular momenta of the extremal MP solution, respectively. We now fix the angular momentum at any perturbative order, and impose the extremality condition in all orders. We also assume that the horizon is regular. With these assumptions, we are able to fix all constants of integration. To simplify the notation, we introduce a parameter ν through the
such that the extremal MP solution in five dimensions holds. Then, we obtain for the metric and the dilaton field the perturbation expansion up to 5th order in the perturbative parameter q and for the gauge potential functions up to 4th order 
One may note that in Maxwell-dilaton's limit, β −→ ∞, these perturbative solutions reduce to the five dimensional perturbative charged rotating black holes in Einstein-Maxwell-dilaton theory [17] .
A consistent check of this solution can be provided by Smarr's formula.
III. PHYSICAL QUANTITIES
In order to interpret our solutions as black holes, we should look for the event horizon. The event horizon of our rotating Born-Infeld-dilaton black holes is located at
One can see that the horizon radius does not depend on β at least up to fourth order in the charge, while the dilaton coupling constant α modifies the horizon radius. In the absence of a nontrivial dilaton α = 0, the horizon radius takes the value r H = √ 2ν + √ 2q 2 24ν 3 + q 4 √ 211 1152ν 7 + O(q 6 ), exactly the result obtained for the five-dimensional perturbative Einstein-Maxwell-Born-Infeld black hole [18] .
As shown in Fig. 1 , [see also Eq. (27)] one can see for large α the horizon radius turns negative which is unacceptable and physically meaningless. We analyze this result below, when we comment on the mass. The mass M , the angular momenta J, the dilaton charge Σ, the electric charge Q, and the magnetic moment µ mag can be read off the asymptotic behavior of the metric and the gauge potential [22] . The asymptotic forms are,
and A is the area of the unit 3-sphere. Comparing the above expansions to the asymptotic behavior of the solutions, Eqs. (20)- (26), we obtain
The gyromagnetic ratio g is then given by
It was shown that the dilaton [17] modifies the gyromagnetic ratio of the perturbative solutions of asymptotically flat charged rotating dilaton black holes. In the absence of dilaton field, it was also shown that the BI parameter modifies the gyromagnetic ratio of these perturbative solutions [18] . Here, we study the effect of the dilaton coupling as well as the BI parameters on the gyromagnetic ratio of our solutions simultaneously.
It is shown the behavior of the mass M , the magnetic moment µ mag and the gyromagnetic ratio g of these EBId black holes versus β in Fig. 2, Fig. 3 and Fig. 4 respectively. From these figures we find out that the mass M , the magnetic moment µ mag and the gyromagnetic ratio g increase with increasing β. We see that for some low value of β the gyromagnetic ratio and magnetic moment µ mag is zero, and then turn negative. One can speculate that this change of sign comes from the differences of the charge distribution for different value of the Born-Infeld parameter β (see [18] ). In addition these figures show that for a fixed value of β, the mass, magnetic moment and gyromagnetic ratio increase with decreasing α. This is in agreement with the arguments in [17] . In the absence of a nontrivial dilaton α = 0, the mass, the magnetic moment and the gyromagnetic ratio reduce to
which are exactly the result obtained for the five-dimensional perturbative Einstein BI black hole [18] . which the mass is negative not acceptable as discussed before. On the other hand, for very small β the mass turns negative. We also do not attach any significance to this result since the value of β for which the mass is zero uses a perturbative q 2 term that is much larger than the zeroth-order term in the expressions for the magnetic moment and gyromagnetic ratio. In fact, the values of β for which the results make thorough sense are values of β larger than the ones which yield the zeros of the magnetic moment and gyromagnetic ratio. Define ξ as the timelike Killing vector and η k , 
is null on the horizon and orthogonal to it as well. This yields,
The area of the horizon A H and the electrostatic potential at the horizon Φ H are given by
The surface gravity κ is defined by
Taking into account the conserved quantities obtained in this section, one can check that these quantities satisfy the Smarr mass formula up to 4th order
For four dimensional Born-Infeld black holes it has been defined a new thermodynamic quantity ∂M ∂β conjugate to the Born-Infeld parameter β, this quantity is required for consistency of the Smarr relation [19] . Recently, we have generalized this results for perturbative Einstein-MaxwellBorn-Infeld black holes in five dimensions [18] . Here, we see the effect of the dilaton as well as
Born-Infeld parameter in the Smarr relation simultaneously Eq.(43).
IV. SUMMARY AND CONCLUSIONS
To sum up, we have presented a new class of perturbative charged rotating dilaton black hole solutions in five dimensions in the presence of nonlinear BI gauge field. Our investigations were restricted to the extremal black holes with equal angular momenta. We have used the perturbative method and solved the equations of motion up to the 4th order of the perturbative charge parameter q. We have started from the rotating MP [21] black hole solutions. Then, we have considered the effect of adding an amount of perturbative charge parameter q to the solutions in the presence of the dilaton and BI fields. We computed the physical quantities of the solutions such as the mass, the angular momentum, the dilaton charge, the electric charge and the magnetic moment. We have also obtained the gyromagnetic ratio of these rotating black holes. Interestingly enough, we found that the perturbative parameter q, the dilaton coupling constant α, and the BI parameter β, modify the values of the physical quantities. One can see that for a certain value of the dilaton coupling α, for small β the mass M is negative and it increases with increasing β while, in the linear Maxwell field regime it is always positive. We know that there is a critical value β c in which for small values of β < β c , a non-extreme horizon cover the black hole. (see [24] for more details). In addition, we found out that for constant α, the gyromagnetic ratio is negative for small β and increases with increasing β while, for large β it tends to a constant value. We computed the conserved quantities of the solutions and verified that these quantities satisfy the Smarr mass formula of the black holes.
Finally, we would like to mention that in this paper, we only studied the extremal perturbative charged rotating EBId black holes in five dimensions. The generalization of the present work to all higher dimensional case is now under investigation and will be addressed elsewhere.
